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HIGHER ORDER RELATIONS FOR ADE-TYPE
GENERALIZED q−ONSAGER ALGEBRAS
P. BASEILHAC AND T. T. VU
Abstract. Let {Aj |j = 0, 1, ..., rank(g)} be the fundamental generators of the generalized q−Onsager algebra
Oq(ĝ) introduced in [BB], where ĝ is a simply-laced affine Lie algebra. New relations between certain monomials
of the fundamental generators - indexed by the integer r ∈ Z+ - are conjectured. These relations can be seen as
deformed analogues of Lusztig’s r−th higher order q−Serre relations associated with Uq(ĝ), which are recovered as
special cases. The relations are proven for r ≤ 5. For r generic, several supporting evidences are presented.
MSC: 81R50; 81R10; 81U15; 81T40.
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1. Introduction
Introduced in [BB], the generalized q−Onsager algebra Oq(ĝ) associated with the affine Lie algebra ĝ is a
higher rank generalization of the so-called q−Onsager algebra [Ter, B]. For ĝ = a
(1)
n , it can be understood as a
q−deformation of the sln+1-Onsager algebra introduced by Uglov and Ivanov [UI]. By analogy with the ŝl2 case
[B, IT2], an algebra homomorphism from Oq(ĝ) to a coideal subalgebra of the Drinfeld-Jimbo [Dr, J1] quantum
universal enveloping algebra Uq(ĝ) is known [BB] (see also [Ko]). Realizations in terms of finite dimensional
quantum algebras can be also considered (see for instance [BF]): using either the coideal subalgebras of Uq(g)
studied by Letzter [Le] or the non-standard U ′q(son) introduced by Klimyk, Gavrilik and Iorgov [GI, Klim]. Part
of the motivation for the present letter comes from the fact that generalized q−Onsager algebras already find
applications in the study of quantum integrable systems with boundaries1, and so deserve further investigation.
Besides the definition of the generalized q−Onsager algebra in terms of generators and relations [BB, Definition
2.1], most of its properties remain to be studied. In view of its relation with coideal subalgebras of Uq(ĝ) [BB, Ko]
and its application to the theory of quantum integrable systems, an important problem is to identify those properties
of Uq(ĝ) which could be somehow extended to Oq(ĝ). For instance, define the extended Cartan matrix
2 {aij}
of ĝ. The quantum universal enveloping algebra Uq(ĝ) [Dr, J1] is generated by the elements {hj, ej, fj}, j =
0, 1, ..., rank(g). As shown by Lusztig [L], besides the fundamental defining relations, the basic generators satisfy
the so-called3 r − th higher order q−Serre relations:
−aijr+1∑
k=0
(−1)k
[
r + 1
k
]
qi
x
−aijr+1−k
i x
r
jx
k
i = 0 , x ∈ {e, f} , (i 6= j) .(1.1)
For the family of generalized q−Onsager algebras Oq(ĝ), by analogy with (1.1), linear relations between monomials
of the fundamental generators - denoted Ai below - are expected too. For the case ĝ = ŝl2, this problem has been
addressed4 in [BV]: r − th higher order relations satisfied by the fundamental generators A0,A1 of the q−Onsager
algebra were conjectured, with supporting evidences described in details. In the present letter, for the family of
simply-laced affine Lie algebras (of the so-called ADE-type) the r − th higher order relations associated with the
generalized q−Onsager algebras Oq(ĝ) are conjectured, given by (2.3) with (3.4). They are proven for r ≤ 5. For r
1Integrable scalar [GZ, dVG, BCDRS] or dynamical [BK3, BF] boundary conditions of boundary affine Toda field theories are
classified according to the representation theory of Oq(ĝ) [BB]. Also, several known solutions of the reflection equations are intertwiners
of Oq(ĝ). For explicit examples, see e.g. [DeG, DeM, BF].
2For ĝ = ŝl2, recall that aii = 2, aij = −2. For the family of simply-laced affine Lie algebras, aii = 2, aij = −1 for i, j simply linked
and aij = 0 otherwise [Ka]. For non-simply laced cases, fix coprime integers di such that diaij is symmetric. We define qi = qdi .
3As usual, we denote:
[
n
m
]
q
=
[n]q!
[m]q ! [n−m]q !
, [n]q! =
∏n
l=1[l]q , [n]q =
qn−q−n
q−q−1
, [0]q = 1 .
4See also [IT1, Problem 3.4].
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generic, several supporting evidences are presented. There are three main motivations for considering this problem:
• The r−th higher order q−Serre relations (1.1) arise in the construction of a basis of Uq(ĝ). They also appear in
the discussion of the quantum Frobenius homomorphism [L]. For the family of generalized q−Onsager algebras and
corresponding coideal subalgebras of Uq(ĝ) [Ko], the r−th higher order relations (2.3) with (3.4) here conjectured
should play a similar role. See also [IT1, Problem 3.4] for the ŝl2 case.
• The generalized q−Onsager algebras provide a representation theoretic framework for a large class of quantum
integrable systems (see e.g. [UI, BK1, BK2, BB, BF, FK]). The r−th higher order relations here proposed will
allow to study the hidden symmetry of boundary quantum integrable models for q a root of unity, extending the
analysis conducted for Uq(ĝ)−related models [DFM, KM] .
• In [BV, Section 2], it was shown that the polynomial structure of the r−th higher order relations for the
q−Onsager algebra (namely, the case ĝ = ŝl2) is fully determined from the properties of A0,A1 acting on a finite
dimensional irreducible vector space (A0,A1 is called a tridiagonal pair [Ter]). By analogy, suppose some of the
properties of tridiagonal pairs - in particular, the spectral properties of Ai - can be extended to higher rank affine
Lie algebras. Assuming this, the two-variable polynomial generating functions of the coefficients associated with
any simply-laced ĝ here proposed - see Definition 3.1 - should be determined from the representation theory of
Oq(ĝ) . For ĝ = a
(1)
n , this hypothesis is checked explicitly at the end of the last Section.
This letter is organized as follows. In the next Section, inspired by the analysis of [BV, Section 3], the r − th
higher order relations satisfied by the fundamental generators of the generalized q−Onsager algebra Oq(ĝ) are
conjectured (see Conjecture 1). They take the form (2.3). Conjecture 1 is proven for r ≤ 5, in which case the
coefficients c
[r,p]
k are explicitly obtained in terms of the deformation parameter q. Then, for generic values of r, an
inductive argument implies the existence of a set of recursive formulae - explicitly identified - for the coefficients.
These recursive relations determine uniquely the coefficients c
[r,p]
k in terms of c
[r−1,p]
k . Using a computer program,
for several values of r ≥ 6 the conjectured r−th higher order relations are then checked. In Section 3, a two-variable
polynomial is proposed. It is conjectured to be the generating function for the coefficients c
[r,p]
k (see Conjecture 2),
providing the closed formula (3.4). For r ≤ 5, conjecture 2 is proven. For several values of r ≥ 6, using a computer
program the closed formula for c
[r,p]
k is found to match perfectly with the solutions of the recursive relations derived
in Section 2. Additional supporting evidence are also presented. In Appendix A, some recursion relations which
occur in the analysis are reported.
For simplicity, here we focus on the simply-laced affine Lie algebras ĝ. Although technically more involved,
non-simply laced cases can be treated along the same line. Note that the basic defining relations of the generalized
q−Onsager algebra associated with non-simply laced cases are given in [BB].
Notations: Here {x} denotes the integer part of x. q is assumed not to be a root of unity.
2. The higher order relations for ADE-type affine Lie algebras
Generalized q−Onsager algebras are extensions of the q−Onsager algebra to higher rank affine Lie algebras [BB].
Inspired by the analysis of [BV], analogues of Lusztig’s higher order relations for Oq(ĝ) can be conjectured. First,
we recall some basic definitions.
Definition 2.1. (see [BB]) Let {aij} be the extended Cartan matrix of the simply-laced affine Lie algebra ĝ. The
generalized q−Onsager algebra Oq(ĝ) is an associative algebra with unit 1, elements Ai and scalars ρi. The defining
relations are:
2∑
k=0
(−1)k
[
2
k
]
q
A
2−k
i AjA
k
i − ρiAj = 0 if i, j are linked ,(2.1) [
Ai,Aj
]
= 0 otherwize .(2.2)
Remark 1. For ρi = 0 the relations (2.1) reduce to the q−Serre relations (1.1) of Uq(ĝ).
Remark 2. For q = 1, the relations (2.1), (2.2) coincide with the defining relations of the so-called sln+1−Onsager’s
algebra for n > 1 introduced by Uglov and Ivanov [UI].
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By analogy with the ŝl2 case discussed in details in [BV], we expect the following form for the r−th higher order
relations:
Conjecture 1. Let Aj be the fundamental generators of Oq(ĝ). There exist scalars c
[r,p]
k in q such that:
{ r+1
2
}∑
p=0
r−2p+1∑
k=0
(−1)k+p ρpi c
[r,p]
k A
r−2p+1−k
i A
r
jA
k
i = 0 if i, j are linked .(2.3)
In the first part of this Section, starting from the fundamental relations of Oq(ĝ), examples of higher order
relations of the form (2.3) are derived, thus proving the conjecture for r ≤ 5. The coefficients c
[r,p]
k are explicitly
obtained as rational functions of the deformation parameter q. In a second part, the general structure of the r− th
higher order relations is studied. Using an inductive argument, it is shown that the coefficients c
[r,p]
k are uniquely
determined recursively in terms of c
[r−1,p]
k . Using these relations, for several values of r ≥ 6 the conjecture is
checked using a computer program. Note that the analysis here presented is similar to [BV, Section 3] for the ŝl2
case.
2.1. Proof of the r−th higher order relations for r ≤ 5. For r = 1, the relations (2.3) are the defining
relations of the generalized q−Onsager algebra Oq(ĝ). Assume Ai are the fundamental generators of Oq(ĝ). To
derive the simplest example of higher order relations, we are looking for a linear relation between monomials of the
type
A
n
i A
2
jA
m
i with n+m = 3, 1 .(2.4)
Suppose it is of the form (2.3) for r = 2 with yet unknown coefficients c
[r,p]
k . We now show c
[r,p]
k are uniquely
determined in terms of q. First, according to the defining relations (2.1) the monomial A2iAj can be ordered as:
A
2
iAj = [2]qAiAjAi − AjA
2
i + ρiAj .(2.5)
Multiplying from the left and/or right by Ai,Aj (i 6= j), the corresponding monomials can be ordered as follows:
each time a monomial of the form Ani A
2
jA
m
i with n ≥ 2 arise, it is reduced using (2.5). For instance, one has:
A
3
iAj = ([2]
2
q − 1)AiAjA
2
i − [2]qAjA
3
i + ρi([2]qAjAi + AiAj) .(2.6)
Now, observe that the two monomials in (2.3) for r = 2 and k = 0, 1, p = 0 can be written as A3iA
2
j ≡ (A
3
iAj)Aj
and A2iA
2
jAi ≡ (A
2
iAj)AjAi. Following the ordering prescription, each of these monomials can be reduced as a
combination of monomials of the type:
A
n
i A
2
jA
m
i with n ≤ 1 , n+m = 3, 1 ,(2.7)
A
p
iAjA
s
iAjA
t
i with p ≤ 1 , s ≥ 1 , p+ s+ t = 3, 1 .(2.8)
Plugging the reduced expressions of A3iA
2
j and A
2
iA
2
jAi in (2.3) for r = 2, one finds that all monomials of the form
(2.8) cancel provided a simple system of equations for the coefficients c
[r,p]
k is satisfied. One finds that the solution
of this system is unique, given by:
c
[2,0]
k =
[
3
k
]
q
for k = 0, 1, 2, 3 , and c
[2,1]
0 = c
[2,1]
1 = q
2 + q−2 + 2 .
For r = 3, 4, 5, we proceed similarly: the monomials entering in the relations (2.3) are ordered according to the
prescription described above. Given r, the reduced expression of the corresponding relation (2.3) holds provided
the coefficients c
[r,p]
k satisfy a system of equation which solution is unique. In each case, one finds:
c
[r,0]
k =
[
r + 1
k
]
q
for k = 0, ..., r + 1 , r = 3, 4, 5 ,(2.9)
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whereas for p ≥ 1, the other coefficients are such that c
[r,p]
k = c
[r,p]
r−2p+1−k, given by:
Case r = 3: c
[3,1]
0 = q
4 + 2q2 + 4 + 2q−2 + q−4 , c
[3,1]
1 = [4]q(q
2 + q−2 + 3) ,
c
[3,2]
0 = (q
2 + q−2 + 1)2 ;
Case r = 4: c
[4,1]
0 = (q
4 + 3 + q−4)[2]2q , c
[4,1]
1 = [5]q[3]q[2]
2
q,
c
[4,2]
0 = (q
2 + q−2)2[2]4q ;
Case r = 5:
c
[5,1]
0 = q
8 + 2q6 + 4q4 + 6q2 + 9 + 6q−2 + 4q−4 + 2q−6 + q−8,
c
[5,1]
1 = [6]q[3]
−1
q (q
8 + 4q6 + 8q4 + 14q2 + 16 + 14q−2 + 8q−4 + 4q−6 + q−8),
c
[5,1]
2 = [6]q[2]
−1
q [5]q(q
4 + 3q2 + 6 + 3q−2 + q−4),
c
[5,2]
0 = q
12 + 4q10 + 11q8 + 20q6 + 31q4 + 40q2 + 45 + 40q−2 + 31q−4 + 20q−6 + 11q−8 + 4q−10 + q−12,
c
[5,2]
1 = [6]q[3]
−1
q (q
10 + 6q8 + 17q6 + 32q4 + 47q2 + 53 + 47q−2 + 32q−4 + 17q−6 + 6q−8 + q−10),
c
[5,3]
0 = [3]
2
q[5]
2
q .
2.2. Generic case r. Above examples suggest that r−th higher order relations of the form (2.3) exist for generic
values of r. The aim of this subsection is to provide strong supporting evidences for conjecture 1 with r ≥ 6. The
analysis essentially follows [BV, Section 3], so we refer the reader to this work for further details. First, assume
that given r, the relation (2.3) exists and that all coefficients c
[r,p]
k are already known in terms of q. The relation
(2.3) for r → r + 1 is then considered. In this case, the combination
fADEr (Ai,Aj) = A
r+2
i A
r+1
j − c
[r+1,0]
1 A
r+1
i A
r+1
j Ai(2.10)
which corresponds to the two first terms in (2.3) is introduced. By analogy with the procedure described in [BV],
the monomials Ar+2i A
r+1
j and A
r+1
i A
r+1
j Ai are reduced using (2.1) and (2.3). The ordered expression of the first
monomial follows:
A
r+2
i A
r+1
j =
r+2∑
k=2
(−1)k+1M
(r,0)
k A
r+2−k
i A
r
jA
k
i Aj
+
{ r+1
2
}∑
p=1
r+2−2p∑
k=0
(−1)p+k+1ρpiM
(r,p)
k A
r+2−2p−k
i A
r
jA
k
i Aj ,
where the coefficients M
(r,p)
k are expressed in terms of the c
[r,p]
j , as reported in Appendix A. Obviously, an ordered
expression for the second monomial immediately follows from (2.3). As a consequence, the whole combination
fADEr (Ai,Aj) can be further reduced. As an intermediate step, note that one uses (2.1) to obtain:
A
2n+1
i Aj =
n∑
p=0
ρ
p
i (η
(2n+1,p)
0 AiAjA
2n−2p
i + η
(2n+1,p)
1 AjA
(2n−2p+1)
i ) ,
A
2n+2
i Aj =
n∑
p=0
ρ
p
i (η
(2n+2,p)
0 AiAjA
2n+1−2p
i + η
(2n+2,p)
1 AjA
2n+2−2p
i ) + ρ
n+1
i Aj ,
where the coefficients η
(r,p)
j are determined recursively, according to the relations given in Appendix A. The ordered
expression of fADEr (Ai,Aj) is then studied. If conjecture 1 holds for r generic, then all coefficients of monomials
of the type ApiA
r
jA
s
iAjA
t
i (with p + s + t = r, r − 2, ..., 3, 1 if r is odd, and p + s + t = r, r − 2, ..., 4, 2 if r is even)
must vanish. Then, by straightforward calculation it implies that the coefficients c
[r+1,p]
k satisfy a finite system
of equations which uniquely determine the coefficients c
[r+1,p]
k in terms of c
[r,p′]
k′ . Explicitly, we have the following
results. Firstly, the coefficient of the monomial Ar+1i A
r+1
j Ai is found, given by:
c
[r+1,0]
1 =
[
r + 1
1
]
q
.
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According to the parity of r and replacing r + 1→ r, for the other coefficients one finds5:
Case r odd: For r = 2t+ 1 and p = 0:
c
[2t+1,0]
2 = M
(2t,0)
2 η
(2,0)
1 ,
c
[2t+1,0]
2h = M
(2t,0)
2h η
(2h,0)
1 + c
[2t+1,0]
1 c
[2t,0]
2h−1η
(2h−1,0)
1 , h = 2, t+ 1,
c
[2t+1,0]
2h+1 = M
(2t,0)
2h+1 η
(2h+1,0)
1 + c
[2t+1,0]
1 c
[2t,0]
2h η
(2h,0)
1 , h = 1, t.
Using the recursion relations given in Appendix A, it is possible to show that these coefficients can be simply
written in terms of q−binomials:
c
[r,0]
k =
[
r + 1
k
]
q
.(2.11)
Other coefficients c
[2t+1,p]
0 for p ≥ 1 are determined by the following recursion relations:
c
[2t+1,t+1]
0 =
t∑
p=0
(−1)p+t+1M
(2t,p)
2(t+1−p),
c
[2t+1,1]
0 = −M
(2t,0)
2 +M
(2t,1)
0 ,
c
[2t+1,h]
0 =
h∑
p=0
(−1)p+hM
(2t,p)
2(h−p), h = 2, t,
c
[2t+1,1]
1 = −(M
(2t,0)
3 η
(3,1)
1 − c
[2t+1,0]
1 (−c
[2t,0]
2 + c
[2t,1]
0 )),
c
[2t+1,h]
1 =
h−1∑
p=0
(−1)p+hM
(2t,p)
2(h−p)+1η
(2(h−p)+1,h−p)
1
+c
[2t+1,0]
1
h∑
p=0
(−1)p+hc
[2t,p]
2(h−p), h = 2, t,
c
[2t+1,1]
2 = −M
(2t,0)
4 η
(4,1)
1 +M
(2t,1)
2 η
(2,0)
1 − c
[2t+1,0]
1 c
[2t,0]
3 η
(3,1)
1 ,
c
[2t+1,l]
2h−2l+1 =
l∑
p=0
(−1)p+lM
(2t,p)
2(h−p)+1η
(2(h−p)+1,l−p)
1
+c
[2t+1,0]
1
l∑
p=0
(−1)p+lc
[2t,p]
2(h−p)η
(2(h−p),l−p)
1 , h = 2, t, l = 1, h− 1,
c
[2t+1,l]
2h−2l =
l∑
p=0
(−1)p+lM
(2t,p)
2(h−p)η
(2(h−p),l−p)
1
+c
[2t+1,0]
1
min(l,h−2)∑
p=0
(−1)p+lc
[2t,p]
2(h−p)−1η
(2(h−p)−1,l−p)
1 , h = 3, t+ 1, l = 1, h− 1.
Case r even: For r = 2t+ 2, the coefficients c
[2t+2,0]
j are given by:
c
[2t+2,0]
2 = M
(2t+1,0)
2 η
(2,0)
1 ,
c
[2t+2,0]
2h+1 = M
(2t+1,0)
2h+1 η
(2h+1,0)
1 + c
[2t+2,0]
1 c
[2t+1,0]
2h η
(2h,0)
1 , h = 1, t+ 1,
c
[2t+2,0]
2h = M
(2t+1,0)
2h η
(2h,0)
1 + c
[2t+2,0]
1 c
[2t+1,0]
2h−1 η
(2h−1,0)
1 , h = 2, t+ 1.
5Let j,m, n be integers, we write j = m,n for j = m,m+ 1, ..., n− 1, n.
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According to the relations given in Appendix A, one shows that c
[r,0]
k simplify to q−binomials (2.11). For p ≥ 1,
the recursive formulae for all other coefficients are given by:
c
[2t+2,1]
0 = −M
(2t+1,0)
2 +M
(2t+1,1)
0 ,
c
[2t+2,h]
0 =
h∑
p=0
(−1)p+hM
(2t+1,p)
2(h−p) , h = 2, t+ 1,
c
[2t+2,1]
1 = −M
(2t+1,0)
3 η
(3,1)
1 + c
[2t+2,0]
1 (−c
[2t+1,0]
2 + c
[2t+1,1]
0 ),
c
[2t+2,h]
1 =
h−1∑
p=0
(−1)p+hM
(2t+1,p)
2(h−p)+1η
(2(h−p)+1,h−p)
1
+c
[2t+2,0]
1
h∑
p=0
(−1)p+hc
[2t+1,p]
2(h−p) , h = 2, t+ 1,
c
[2t+2,1]
2 = −M
(2t+1,0)
4 η
(4,1)
1 +M
(2t+1,1)
2 η
(2,0)
1 − c
[2t+2,0]
1 c
[2t+1,0]
3 η
(3,1)
1 ,
c
[2t+2,l]
2h−2l =
l∑
p=0
(−1)p+lM
(2t+1,p)
2(h−p) η
(2(h−p),l−p)
1
+c
[2t+2,0]
1
min(l,h−2)∑
p=0
(−1)p+lc
[2t+1,p]
2(h−p)−1η
(2(h−p)−1,l−p)
1 , h = 3, t+ 1, l = 1, h− 1,
c
[2t+2,l]
2h−2l+1 =
l∑
p=0
(−1)p+lM
(2t+1,p)
2(h−p)+1η
(2(h−p)+1,l−p)
1 )
+c
[2t+2,0]
1
l∑
p=0
(−1)p+lc
[2t+1,p]
2(h−p) η
(2(h−p),l−p)
1 , h = 2, t+ 1, l = 1, h− 1.
For practical purpose, for any positive integer r all coefficients c
[r,p]
k entering in the r − th higher order relations
(2.3) can be computed recursively. Using a computer program, we have checked that the relation (2.3) holds for
a large number of values r ≥ 6 provided the coefficients satisfy above recursive formulae. In addition, let us point
out that that setting ρi = 0, the relations (2.3) reproduce the higher order q−Serre relations (1.1) with x→ A.
3. A two-variable polynomial generating function
For the q−Onsager algebra, in [BV, Section 2] for finite dimensional irreducible representations it was shown
that the coefficients c
[r,p]
k entering in the r−th higher order relations follow from a two-variable generating function.
Here, for any simply-laced affine Lie algebras we propose a two-variable generating function for the coefficients too
(see conjecture 2). Various checks are done at the end of this Section, which support the proposal.
Definition 3.1. Let r ∈ Z+. Let x, y be commuting indeterminates and ρ a scalar. To any simply-laced affine Lie
algebra ĝ, we associate the polynomial generating function pADEr (x, y) such that:
p2t+1(x, y) =
t+1∏
l=1
(
x2 −
[4l− 2]q
[2l− 1]q
xy + y2 − ρ[2l− 1]2q
)
,(3.1)
p2t+2(x, y) = (x− y)
t+1∏
l=1
(
x2 −
[4l]q
[2l]q
xy + y2 − ρ[2l]2q
)
.(3.2)
Lemma 3.1. The polynomial pADEr (x, y) can be expanded as:
pADEr (x, y) =
{ r+1
2
}∑
p=0
r−2p+1∑
k=0
(−1)k+pρp c
[r,p]
k x
r−2p+1−kyk(3.3)
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where the coefficients are given by:
c
[r,p]
k =
{k/α}∑
l=0
({ r+12 } − k + αl − p)!
({αl2 })!({
r+1
2 } − k + αl − p− {
αl
2 })!
∑
P
[s1]
2
q...[sp]
2
q
[2sp+1]q...[2sp+k−αl]q
[sp+1]q...[sp+k−αl]q
(3.4)
with


k = 0, { r+12 } , si ∈ {r − 2{
r−1
2 }, . . . , r − 2, r} ,
P :
s1 < · · · < sp ; sp+1 < · · · < sp+k−αl ,
{s1, . . . , sp} ∩ {sp+1, . . . , sp+k−αl} = ∅
,
α =
{
1 if r is even,
2 if r is odd
.
Proof. By induction. See [BV] for the ŝl2 case. 
We claim that the two-variable polynomial given by (3.1)-(3.2) is the generating function for the coefficients
c
[r,p]
k entering in the higher order relations (2.3). Using Lemma (3.1), this leads to:
Conjecture 2. The coefficients c
[r,p]
k in (2.3) are given by (3.4).
Supporting evidences for conjecture 2 are now presented.
• For r ≤ 5, it is an exercise to check that the coefficients c
[r,p]
k given by (3.4) coincide exactly with the ones
derived in the previous Section (see cases r = 2, 3, 4, 5). This proves that conjecture 2 holds for r ≤ 5.
• For r generic it is easy to check that the coefficients c
[r,0]
k obtained from (3.4) are the q−binomials (2.11).
• For r ≥ 6 and p ≥ 1, the comparison is more involved. However, for a large number of values r ≥ 6
and using a computer program we have checked that the coefficients derived using the recursive formulae
coincide exactly with the ones given by (3.4). Although a proof of conjecture 2 for r generic remains to be
given, this gives a strong support for conjecture 2.
• Let {ci, ci, wi} ∈ C. Let ĝ = a
(1)
n (n > 1), d
(1)
n , e
(1)
6 , e
(1)
7 , e
(1)
8 . There exists an algebra homomorphism:
Oq(ĝ) → Uq(ĝ) given by [BB]:
Ai 7−→ Ai = ci eiq
hi
2
i + ci fiq
hi
2
i + wiq
hi
i(3.5)
iff the parameters wi are subject to the constraints: wi
(
w2j +
cj cj
q+q−1−2
)
= 0 , wj
(
w2i +
ci ci
q+q−1−2
)
= 0
where i, j are simply linked and ρi → ci ci . Let V be the so-called evaluation representation of Uq(ĝ) on
which Ai act (see e.g. [J2, Proposition 1] for ĝ = a
(1)
n ). For generic parameters ci, ci, q, V is irreducible and
Ai is diagonalizable on V . Let θ
(i)
k , k = 0, 1, ... denote the (possibly degenerate) corresponding eigenvalues
of Ai. For instance, for the fundamental representation
6 of Uq(a
(1)
n ), the eigenvalues take the simple form:
θ
(i)
k = C
(i)(vqk + v−1q−k) ,(3.6)
where v, C(i) are scalars depending on ci, ci, q. Let E
(i)
k be the projector on the eigenspace associated with
the eigenvalue θ
(i)
k . Denote ∆
(i)
1 as the l.h.s of the first equation in (2.1). The relation (2.1) implies that
for any integers k, l:
E
(i)
k ∆
(i)
1 E
(i)
l = 0 ⇒ p
ADE
1 (θ
(i)
k , θ
(i)
l )E
(i)
k AjE
(i)
l = 0 with ρ ≡ ρi .
For generic parameters ci, ci, q, one observes that E
(i)
k AjE
(i)
l 6= 0 if |k − l| ≤ 1 and is vanishing otherwize.
It implies pADE1 (θ
(i)
k , θ
(i)
l ) = 0 for l = k± 1 which, according to (3.6), is consistent with the structure (3.1)
for t = 0. The same observation about the structure of the two-variable polynomial can be generalized as
follows. Denote ∆
(i)
r as the l.h.s of (2.3). If the relation (2.3) with (3.4) holds, then for any integers k, l:
E
(i)
k ∆
(i)
r E
(i)
l = 0 ⇒ p
ADE
r (θ
(i)
k , θ
(i)
l )E
(i)
k A
r
jE
(i)
l = 0 with ρ ≡ ρi .
6For ĝ = a
(1)
n , n ≥ 2, see e.g. [DeM]. For ĝ = d
(1)
n , n ≥ 4, see e.g. [DeG].
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For generic ci, ci, q, E
(i)
k A
r
jE
(i)
l 6= 0 if |k− l| ≤ r and is vanishing otherwize. It implies p
ADE
r (θ
(i)
k , θ
(i)
l ) = 0
if |k − l| ≤ r. According to (3.6), it leads to the following constraints on the integers k, l:
k = l ± 1 , l ± 3 , l ± 5 , · · · , l ± r for r odd ,
k = l , l ± 2 , l ± 4 , · · · , l ± r for r even .
Again, this is in perfect agreement with the factorized form (3.1), (3.2). Thus, for ĝ = a
(1)
n the structure of
the two-variable polynomial (3.1) is consistent with the spectral properties of Ai. Although the representa-
tion theory of Oq(ĝ) remains to be fully developed, for the simplest representations of Oq(a
(1)
n ) associated
with (3.5) above analysis shows that conjectures 1 and 2 hold for r generic.
• Consider the algebra homomorphism (3.5). For ci = 0 or ci = 0, one has ρi = 0. In this special case, the
higher order relations associated with the coideal subalgebra generated by (3.5) reduce to the Lusztig’s
higher order q−Serre relations (1.1) [L]. The coefficients c
[r,0]
k are q−binomials, in agreement with [L].
Acknowledgements: P.B thanks S. Baseilhac, S. Kolb and P. Terwilliger for stimulating discussions.
APPENDIX A: Coefficients η
(m)
k,j , M
(r,p)
j
The initial values of η
(m)
k,j are given by:
η
(2)
0,0 = [2]q, η
(2)
0,1 = −1.
The recursion relations for η
(m)
k,j and M
(r,p)
j read:
η
(2n+1)
p,0 = [2]qη
(2n)
p,0 + η
(2n)
p,1 , p = 0, n− 1,
η
(2n+1)
n,0 = 1,
η
(2n+1)
p,1 = −η
(2n)
p,0 + η
(2n)
p−1,0, p = 1, n− 1,
η
(2n+1)
0,1 = −η
(2n)
0,0 ,
η
(2n+1)
n,1 = η
(2n)
n−1,0,
η
(2n+2)
p,0 = [2]qη
(2n+1)
p,0 + η
(2n+1)
p,1 , p = 0, n,
η
(2n+2)
p,1 = η
(2n+1)
p−1,0 − η
(2n+1)
p,0 , p = 1, n,
η
(2n+2)
0,1 = −η
(2n+1)
0,0 .
M
(2t,p)
0 = c
[2t,p]
0 ,
M
(2t,p)
2t+2−2p = −c
[2t,0]
1 c
[2t,p]
2t+1−2p,
M
(2t,p)
k = c
[2t,p]
k − c
[2t,0]
1 c
[2t,p]
k−1 , k = 1, 2t+ 1− 2p,
M
(2t+1,t+1)
0 = c
[2t+1,t+1]
0 ,
M
(2t+1,t+1)
1 = −c
[2t+1,t+1]
0 c
[2t+1,0]
1 ,
M
(2t+1,p)
k = −c
[2t+1,0]
1 c
[2t+1,p]
k−1 + c
[2t+1,p]
k , k = 1, 2t+ 2− 2p,
M
(2t+1,p)
0 = c
[2t+1,p]
0 ,
M
(2t+1,p)
2t+3−2p = −c
[2t+1,0]
1 c
[2t+1,p]
2t+2−2p.
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[FK] H. Furutsu and T. Kojima, Uq(ŝln)- analog of the X X Z chain with a boundary, J. Math. Phys. 41 (2000) 4413-4436, arXiv:
solv-int/9905009;
T. Kojima and Y.-H. Quano, Difference equations for the higher rank XXZ chain with a boundary, Int. J. Mod. Phys. A 15 (2000)
3699-3716, arXiv:nlin/0001038v2.
[GI] A.M. Gavrilik and N.Z. Iorgov, q−deformed algebras Uq(son) and their representations, Methods Funct. Anal. Topology 3 (1997),
51.
[GZ] S.Ghoshal and Al.Zamolodchikov, Boundary S matrix and boundary state in two-dimensional integrable quantum field theory,
Int. J. Mod. Phys. (1994) A 9, 3841–3885.
[IT1] T. Ito and P. Terwilliger, The shape of a tridiagonal pair, J. Pure Appl. Algebra 188 (2004) 145–160, arXiv:math.QA/0304244v1.
[IT2] T. Ito, P. Terwilliger, Tridiagonal pairs and the quantum affine algebra Uq(sˆl2), Ramanujan J. 13 (2007) 39–62,
arXiv:math/0310042.
[J1] M. Jimbo, A q−analogue of U(g) and the Yang-Baxter equation, Lett. Math. Phys. 11 (1985), 63–69.
[J2] M. Jimbo, A q−analogue of U(gl(n+ 1)), Hecke algebra, and the Yang-Baxter equation, Lett. Math. Phys. 11 (1986), 247–252.
[Ka] V. G. Kac, Infinite dimensional Lie algebras, (1983), Birkhau¨ser, Boston.
[Klim] A.U. Klimyk, The nonstandard q−deformation of enveloping algebra U(son): results and problems, Czech. J. Phys 51 (2001)
331;
A.U. Klimyk, Classification of irreducible representations of the q−deformed algebra U ′q(son), arXiv:math/0110038v1.
[Ko] S. Kolb, Quantum symmetric Kac-Moody pairs, arXiv:1207.6036v1.
[KM] C. Korff and B. M. McCoy, Loop symmetry of integrable vertex models at roots of unity, Nucl. Phys. B618 (2001) 551–569
arXiv:hep-th/0104120.
[Le] G. Letzter, Coideal Subalgebras and Quantum Symmetric Pairs, MSRI volume 1999, Hopf Algebra Workshop,
arXiv:math/0103228.
[L] G. Lusztig, Introduction to Quantum Groups, (1993), Birkhau¨ser, Boston.
[Ter] P. Terwilliger, Two relations that generalize the q−Serre relations and the Dolan-Grady relations, Proceedings of the Nagoya
1999 International workshop on physics and combinatorics. Editors A. N. Kirillov, A. Tsuchiya, H. Umemura. pp 377–398,
math.QA/0307016.
[UI] D. Uglov and L. Ivanov, sl(N) Onsager’s algebra and integrability, J. Stat. Phys. 82 (1996) 87, arXiv:hep-th/9502068v1.
Laboratoire de Mathe´matiques et Physique The´orique CNRS/UMR 7350, Fe´de´ration Denis Poisson, Universite´ de
Tours, Parc de Grammont, 37200 Tours, FRANCE
E-mail address: baseilha@lmpt.univ-tours.fr; Thi-thao.Vu@lmpt.univ-tours.fr
